In this paper, we study the Cauchy problem of a generalized Camassa-Holm equation. It is shown that the equation is locally well posed when the initial data are sufficiently smooth. Moreover, we present a sufficient condition which guarantees the existence of low regularity solutions for the generalized Camassa-Holm equation by the method of energy estimate. Finally, the nonexistence of smooth solitary-wave solutions is investigated.
needed for the Cauchy problem of DGH equation via the semigroup approach of quasilinear hyperbolic equations of evolution and the viscosity method. Constantin and Lenells [] presented a simple algorithm for the inverse scattering approach to the Camassa-Holm equation. Liu [] and Zhou [] investigated the problems of the existence of global solutions and the formation of singularities for the DGH equation. Tian et al. [] studied the limit behavior of the solutions to a class of nonlinear dispersive wave equations. Ai and Gui [] presented an algorithm for the inverse scattering problem associated to the Dullin-Gottwald-Holm equation and derived a sufficient condition which guarantees the existence of low regularity solutions for the generalized Dullin-Gottwald-Holm equation.
In this paper, we are interested in the Cauchy problem for the following generalized Camassa-Holm equation: 
Notations
We shall use the notation 
for s ∈ R, wheref (ξ ) is the Fourier transform of f (x). The operator
The remainder of the paper is organized as follows. In Section , we investigate the local well-posedness of the generalized Camassa-Holm equations. Next, we present some results of the regularized generalized Camassa-Holm equations; from this, the low regularity solutions for the generalized Camassa-Holm equation (.) are studied in Section . Finally, in Section , we demonstrate the nonexistence of smooth solitary-wave solutions.
Existence of strong solutions
where * denotes convolution with respect to the spatial variable x. Therefore, equation #ARTICLE_URL_DISPLAY_TEXT_FOR_STAMPED_PDF (.) (with α = ) can be rewritten as the following equivalent form:
(.)
In [], the following local well-posedness result was obtained (with a slight modification).
.
There exists a time T >  such that the initialvalue problem (.) has a unique solution u
Moreover, the following Hamiltonian functionals are conserved:
We are now in a position to state a blow-up criterion for the generalized CH equation
, and u be the corresponding solution to (.) in Theorem .. Assume that T * >  is the maximal time of existence. Then 
Existence of low regularity solutions
Firstly, we investigate the following regularized equation (.):
By using the contraction mapping principle, we may easily obtain the following existence result, and we omit its proof here. 
Theorem . Let s ≥  and the function u(x, t) be a solution of the regularized equation (.) with the initial data u  (x) ∈ H s . Then the following inequalities hold:
For any q ∈ (, s -], there is a constant c, depending only on q and m, such that 
For any q ∈ [, s -] and any r ∈ (   , q], there is a constant c, independent of ε, such that
( -ε) u t H q ≤ c u H q+  + u m- L ∞ u H  . (.)
Proof The proof can be similarly treated as in [] or [], and we omit it.
We recall the following lemma, which is critical to the proof of Theorem .. 
Lemma . ([])
We shall show that some norms of the weak solution to the generalized CH equation (.) are bounded when ε is sufficiently small.
Theorem . Suppose that u
such that u x L ∞ < ∞. Let u ε be defined as in Lemma .. Then there exist constants T >  and c >  independent of ε such that the corresponding solution u ε of (.) satisfies u εx L ∞ ≤ c.
Proof We first study the regularized equation (.) with u = u ε . Differentiating the first equation of (.) with respect to x yields
Let p ≥  be an integer. Multiplying equation (.) by (u x ) p+ , and then integrating the resulting equation with respect to x, we get
Thanks to integration by parts and Hölder's inequality, we have
integrating (.) with respect to t and then taking the limit as p → ∞, we obtain
Applying the Sobolev imbedding theorem leads to
where we used the algebraic property of the Sobolev space Thanks to Gronwall's inequality applied to (.) with q = r +  and u = u ε , we have
Therefore, thanks to (.), we get that for some constant c,
Hence, thanks to the contraction mapping principle applied, we obtain that there exists T >  such that the integral equation
The comparison principle leads to the estimate u x L ∞ ≤ f (t) for any t ∈ [, T], which implies the conclusion of Theorem ..
With Theorem . in hand, we can get the existence of a weak solution to the Cauchy problem (.) as follows. Proof It follows from Theorem . that {u ε n x } is bounded in the space L ∞ with ε n → .
Therefore, the sequences {u 
